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] . Preface

| This report is the sixth conesrned with research accauplished in
connection with Navy Contract Nonr-433(00), between Uunham Labocatory,
Yale University, and the Office of Naval Research, Depertirzent of the
Navy. In this report is given a discussion of the design of a class
of networks that can be used for producing a known constant. time delay
with an electronic analog computer, A differential=difference zgua-
tion of tha sort considerea in Report No. 5 requires such a celay
network if it is to be studied simply on 8 ccmputer, Ii was in .
connection witih the investigation of this eguation that a study of

delay networks was made.

The research was cariied on and the
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Abstract

In malding use of an analog computer to study differential-

differerce equations in which 2 constant time delay occurs, it is
necessary to nave snme device to introduce a known constant delay into
the system, Usually it is convenient to do thie with a network

synthesized fram the elements of the computsr, A perfect delay network

is an all-pass network in which phase shift varies linearly with

frequency. One class of networks that approaches tiiiz ideal is studied

by considering the roots oi their transfer functions, Networks having

one, two, three, and four jairs of roots are investiguted in detail,

sod numerical data about them are nrecented in tabulor form, These

tables allow selection of a2 particular network appropriate to thia

problem being analyzed,
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I, Need for Delay Networks
Certain physical systems have within them some process ithat intro-

duces a Lime delay ol censtant magnitude, regardless of the operating

conditions., The differential equations descriving such a system

contain terms in which the constant time delay occurs, If thesc equa—

tions are to be studied by means of an electrvitic analog computer, it
is necsssary to have available some device that will provide the

delay. This device should produce a constant delay of controllzable

magnitude, and must give no effect other than that of introducing the
delay.

There are several ways by which a ccnstant time delay can be

cbtained, For many purposes, however, it is most ccavenient to

gsynthesize from the elements of the analog camputer itself a network

ich will produce the delay, This neiwork is requirced to transmit

the slectrical signal representing the solution for the equation being

studied, Uithin the frequency band containing the signal, the net-

work should introduce constant imown values of bobh time delay and

attenvation, Such a network is described as an all-pass network with

its phase shift varying linearly with the frequency of an applied

sinuscidal signal, The linear relation bstween phase shift and

frequency should be maintained over the necessary frequency band,

Time—=delay netwcrks of varying cemploxity can be designed, In

most applications it is desirable to use as few elements as possible

in the networl, and to obtain as large a value as possible for the

product of the time delay vt and bandwidth W One design for a

time-delay networkl has appeared recently in the literature, 1In the

- s mn mt e s m ms wn w we @n ms s e e m s W m @m am wm wm = m am s e s wm ms vm ms -

1. C. D, lMorrill, Trens, IRZ, BC=3, 45, (June 195L)
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following discussion, a somewhat different approach to the problem is
ussd, and severa! networks are analyzed, The number of elements and
“ne circuitry needed to synthnesize them are shown, and the value of
rroduct w,T is obtained, The results of the analysis are useful

in selecting a delay networic appropriate for a given application,

IT, Analiysis of Networks
IT.1 All-pass networks
The networks considzred here are all of one general typc. They
ars all-pass networks, in which the attenuation of a sinusoidal. signal
is independent of frequency, Furthermore, the networks are adjusted
£o that this attenuation is zero, or that the magnitude of the signal
is unchanged by the networkes The curve relating phase shift to fre—
guency is essentially linear from zero frequency to some maxdimum
angular frequency W For frequencies higher than this maximum, the
phase curve departs rapidly from linearity. The time delay <t is the
negative of the slope of the phase curve
v = -dé/dw (1)
where © dis the total phase shift, Th2 delay is constant so long
ai the phase curve is linear,
The %transfer function H for such a network is
H = E,(p)/E{(p) (2}
where E2 and E1 are the complex signals at the output and input
terminals, respectively, and p is the complex frequency variable,
In order to fit the recuirements listed previously, the magnitude of

H should be unity and its angle should vary linearly with real fre-

guency. The variation of H with p can be stud

through a consideraticn of the roots of the polynomials in p that
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orm the numerator and denominetor of the fraction representing H.
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has veen shown that thsse roots must fit a specified pattsin.

4

They must occur either as real quantities or as complex conjugate

poirs. Roots of the denominator, or polss, 1must occur in the lefb

talf of the cumplex-frequency planc, and roots of the numeraior, or

zeros, must occur in the right half-plane, Each pole must have a

matching zero with its real part of opposite algebraic sign. A typical
situation is shown in Fige 1, where six roots appear. The design
problem for the deliy network is essentially that of determining the

optimum location fcr these roots,

II.2 Example with s5ix roots
The analysis of the network with the six roots of Fige 1 is used

as an example, The transfer function for this netvork is

If a real driving frequency is used, p = jvw, and the angle of H is

8= tan-l(b - w)/a + ta.n-l(-b - w)/a + ta.n.l(-w/c)

- tan-l(-b + w)/a = tan-l(b +w)/a = +"'-l(u>/c) . (4)

/e =NV
It is convenient to normalize some of the quantities by using the
definitions

ar

x = b/a, y = c/a, Q = wa (5)
so that Eq, (4) becomes

-] - - .
8= 2Ean “{x = Q) - tan l(x + Q) - tan l(Q/y):]‘. (6)
The procedure now is to take successive derivatives of 6 with

respect to the frequency variable, Q. The first derivative is

- T3 e wm e e s oy e wm e - wn > > e S wB e W B e e e

He. We Bode, Network Analysis and Feedback Amplifier Design,
(D, Van Nostrand, New York, 1945}, p. 239
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Fig. 1 Location of polss and zeros for 6-root network
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proportioral to the time delay <. At zero frequency the delay is
defined a= Tot the initial time delay. Derivatives of even order
all vanish at zero frequency because the phase curve is an odd function
of frequency., The parameters x and y are chosen so as to make
the derivatives of third and fifth order vanish at zero frequency.

This insures that the phase curve will be as nearly linear as possible
near zero frequency, and should provide a valid criterion for: the

design of the network,

The successive derivatives of Eq. {(6) are as follows,

40 1 1 Y ]
= = =2 + - + (7
“ wa-a)z 1+ x+a)® 72407

dae _ (x+n X2
692 {E. + (x - 9)2‘]2 [1 + (x +ﬁ b’z + g;sz_ (&)

-
e _ rl—zgx-gg 1-3gx+mz 2 - 30? 9)
22

&’ L1+(x-9)_r L1+\x+cz)J iy? + 2

< -

gﬁg Iix - ) -~ (x - 9)2ﬁ iz~ (x+2)2]
o L1+ G+ )2 f

(2 - g2
= (10

gfg 48(1 = 10(x =~ @)%+ 5(x = Q)h 1~ 10{x + 2)%+ 5(x + @)*
5 i & (5 =Y -‘b r 2
daQ L L... AR =y Ll + ("( + Q)

(1)

&

4 is evident from Eqse (8) and (10) that at @ = O both D°0 = 0
and DY@ = 0, where D™ is defined as d"6/da" evaluated at @ = O,

The odd~order derivatives evaluatad at Q = 0 haocoma
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8 = -4 —2— + f} (12)
1+ x

s 2 e
Do = 42l =3x) , 1 1
s (”

” h
D%9 = =48 E’l 10" 5 = (14)
1+ y5

The requirement that D°6 = 0 and D6 = 0 gives

P = -1+ 2)>/20 - 3

(15)
and
7 = =1+ )°/21 - 102+ 55 (16)
If y 1is eliminated froam thesc e sguations, the resuli is
(@ - 102 + 5% = 401 - 332, (17)

The value of x satisfying this equation is =x = 0,953, and when

this value ies used in either of Egs. (15) or (16), the corresponding

valus for y is y = 1.26., These numerical values serve to give the

optimum locations for the roots of the netweork,

The iritial time delay is, fram Ey. (1),
T "(]/a)i:‘e. (.18)
v

With the numerical values of parameters

b o

¥ and y found above, the
time delay is found from Eg. {12) as
T, = 3.68/a. (19)

in order to determine the fraquency band over which the delay

is essentially constant, it is necessary to plot a curve of € as a

function of 2. Equetion (6), with the numerical values of x and ¥y

inserted, is

\

AN
EAVE

0 = 2ftan™}(,953 - 0) - tan"1(.953 + Q) - tan H@/1.26)].  (

This equation i= plotted in Fig. 2, Alse plotted there is the straight

line having the slope found from Eq. (12),

The curve cf Bqe {20)

Sk Pl



T T SRR TR M et e | v o1 g 015 MY QW DU o 9 oy o

S ) -
<8B!
%u_u
§ n
i
[ (aY) 1
7
+ o
/
a
o | = 2

N

v
P Ao
& e
~ T S U e
\\..‘. a 4
@ e & g
s i o z
3 <+ \.‘ " <+
7 = o
i b =
o yd 5
\\ [o]
o \ N
" -1 2
\,\. .
oy
P -
4
! \ o
-
Ko
o
el 4
4 4 G 2]
L ]
8
\ (<

T
Fig. 2

o 0“ t t 2 % t -+
o [
L] uw (=] o
] m wn MW n @ W m m\v/
~ 1 o] c to e oy
! ] I | Q 1 {
o
o < ki S B b LR R Wl 4 ! AN & Ciking A SR |




v | ot e e

- sm

-

<o i i 4

{
|
!
|
|
!

o & LGt

8.

departs from the straight line as @ becomes larger, Purely arbitrar-
ily, & difference of five percent might be chosen as an allowable
departure, This departure occurs for 2 = 1l.3. Thus, the upper
frequency limit, defined in this way, is w, = l.3a, and the product
C is a sort of figure of merit, CR I L,.8, An alternate form

for the figure of merit is the value of che phase shift when the
departure from linearity is the aviitzary five percent, Hare, this is
Gm = 277 degrees, which is nierely w T oxpressed in degrees, It is
thie value 8 would have at Wy if the phase curve were truly linear,

The actual value of € is five percent less than this € .

I7I.3 Other networks

All-pass time-deley networks, based cn this type of design,
obviously can be created with any integrazl number of nairs of roots,.
The example just studied contains inrss pairs. U
pairs 1s odd, one pair must be located on the real axis of the p-plane,
Where the nunber of pairs is even; all of them will he located off the
axis, The complexity of the physical system needesa to produce tlis
required transfer function will increase fairly rapidly cs the number
of roots iz increzsed,

in Tabies I=IV are given the results of the anelysis of networks

Ly

of this sort havingz one, two, thires, and four pairs of roots, By the
time four pairs of roots are used, the numerical work neecded to find
the optimum parameters becomes quite tedious. The performance of this
&-root network is adequate to satisfy many applications, and nore
complicated networks are not considered here,

Phase curves for cach of the networks are plouted in Figze 3.
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Table I, 2-root Neitwork

Pairs of roots: one

Location:

M.

ser
(~a + J0)

Design criteria: Dze =0

—~

[

+d

Circuit parameters: only a is specified

Initial delay: <_ = 2/a

Maximum frequency: w = Q.bha
Figure of merit: w T, = 0.3, em
Circuit:

L]

E DN
L

A ﬂ\

AN il Vg

|
L

h P——

\

. . - 8
Transfer function: H {i%:r:;}

.._L___..

\}-Jf—l/

.

= L6 deg¢rees

9.
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Table IT. A-root Network

Pairs c¢f roots: two

Location:

(~a+jb) x O (a+3jb)

(~a=3b) x o (a-3b)

Design criteria: D6 = D°® = D% = 0
for Pe = 0: (L=3x%) =0
Circuit parameters: x = b/a = 0,577
Initial delay: =T = 3/a
Maximum frequency: W, = 0.9a

Figure of merit: w v = 2.7, 8 = 155 degrees

Circuit:
™~
AP — i
. (22 ) -1
L \\"/
7N\ i
L{ ha }—1
1 }/
-
[“<:::Ef-(:::%~«///]3}~-
~ R 5 \\\\L;I
+b

R - 2ap ¢ (& + D)
+ b2)]

Transfer function: H =
(p? + 222 + (&
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Table I

LTS S

Pairs of roots: three

il.

II. 6é~root Network

Location:
(-a+3b) x O (a+jb)
(-c+30) . (c+30)
(-a-3b) o (a-3b) !
Design criteria: DG = D°6 = D6 = D0 = 0% = 0
for D°8 = Gt —Q;—’-%’-‘—-L G =0
(1 +x%) 3
- P
for D6 = 0; 21720 s d ¢ =0
1+ v
Circnit. parameters: x = b/a = 0,953
y = c/a = 1426
Initial delay: < = 3.68/a
Maximum frequancy: v, = ie3a

Figure of merit: Wty = 448,

e =277 c»
b 277 cagrees

Circuit: The circuit of Table I, designed with parameter c, followed

by the circuit of Table II, designed with paramaters a and b,

il el Alne

2 2
Transfer function: H = [p° - 2ap + (a + %) p - ¢]

(p° +2ap+ @@+ )][p + g
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lable IV, g-root Network

Pairs of roots: four

Location:
(-c+3d) X% © (c+ja)
(~a+jb) x o (a+jb)
\—a-jbj X ¢ (a-ju)
(-c-jd) X & (c-3d)

Design criteria: D78 = D°8 = D%8 = D°8 = 1% = p’e = 0% = o,

. 2 .
for 06 = 0 AT IC 1= 3s%
T 2.3 53
(1+x)° P+

=0

- 2 b _ 2 L
tor Do o LoIOC s, 2odor’ st
’ 1+ x°) y (1 + 2%)
P 1=20R s 35eh o 8 1 - 2152 4 3557 = 750
for D'@ = O: 2 + 2 25 =0
1+ x5) {1+ %)
Circuit parameters: i = b/a = 0,34
i y = cfa = 0,71
z = dfc = 1,5

Initial delay: =t _ = 5a26/a

Meximum frequency: wp = l.55a

Figure of merit: WET 1= 842, em = 470 legrees

Circuit: The circuit of Table II, des!gned with parameters a and b,

followed by a second circuit of Table II, designed with

parameters ¢ and d,

2 2 2 2 23
Transfer function: H = [p° - 2ap + (2= + ¥))[p° - 2cp *+ ,":_2.._*_2._&'

(6% + 2ap + (a2 + b*)}[p° + 2¢p + (2 + )]
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III, Synthesis of Networia

The elements of an elscironic analog computer must now be used to
synthesize a network havirg its roots determined by the foregoing
analysis, Since the computing anplifiers are unilateral circuit

elements, the synthesis is not difficul® to carry out, One circuit is

sufficient to give a single pair of roots on the real axis, A sscond

(ﬂ

circuit will give two pairs of roous symmetrically located off the

axes, These two circuits can then be combined to give any arrangement.

of roote that may be cesired,

I1I.1 One pair of roots

The transfer function fus the time=deiav network with a single

s
-~

pair of roots on i rval axis is

. (p-a ;
A (2
which can be written as

H=1-2a/{p + a). (22)
The term, =1/(p + a), can be obtained by applying resistive feed—
vack around an integrator. If this ter: is adjusted in magnitude by
the factor <2a and aaded to umity, the result is the desired transfer
function, The corresponding circuit is shown in Tabie I; Ths circuit
yields a transfer function which is the sams as Eq. (21), but with a

rniegative algebraic sign,

II1.2 Two pairs of roots

The transfer function for the network with two pairs of roots is

_{p=a=- jb)(p=-a+ ib) 2: = 2ap + (a° + ¥°)
(D+a*ab7(p+a-ﬂ P2+ 2ap + (a2 + 19)

(23)



Ay 4 ‘:{M“ AT

-

15,

vwhich can be written as

Hel- 1;ap/[p2 + 2ap + (a% + bz)]. (21)
The term, =-p/ 632 + 2ap + (e.2 - bz):l , can be obtained by applying
both resistive feedback and feedback with one integration a2round an
integrator., If this term is adjusted by the factor 4a and added to
unity, the result is the desired transfer function. The corresponding
circuit is shown in Table II, This circuil yields a transfer function

which is the same as Eq. (23), but with a negative algebralc signe

III.2 Several pairs of roois

When several pairs oi roots are necessary, it seems simplest to
combine the circuits of Tables I and II in appropriate fashicn., Thus,
the circuits of Tables I and IX coro combined in Table ILI; two circuits
of Table II are combined in Table IV,

It is poésible, of course, to synthesize other arrangements of
circuit slements that will give the transfer funciions vith several
paira of roots., The alternate configurations that have been explored
requirs at least as many circuit elements as the combinations suggested
in Tables III and IV, and app2ar to be more difiicult tc adjust.

Where a complicated circuit is obtained as the swa of several siampler
circuits; each circuit can be tested alone to make sure it is operating
correctly. Alteranate forms of the camplicated circuit may not be so

eaaily broken dowmn for test purposes.

V. FPractical Ccnsgiderations

The primary consideration in choosing the appropriate delay net-

work for a particular application is the total phase shift that must

te obtained with a curve essentially linear, This is the form of the
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figure of merit given as em in the tables, A vetwork vith a larger

number of roots gives a larger vulue for 8.,

Thue, if a large value
of

Qm is needad for a certain probvler, a relatively complicated

delay network is required,

Two identical networks might be used in tandem to give double

the delay of either alone, In Fig. 4 is shcwm the phase curve for a

pair of identical 4-root networks usad in this way, Also shovm is

the curve f{or a single 3-root network., The initisl delay for the pair
of 4=root nctworks is twice that for one alone, and is larger than

that for the 8-root network., However, the departure fraa linearity is

greater than for the single 8-root network, The figure of merit for
the pair of 4=root networks is twice 2.7, or 5.4, while that for the
single 8~root network is 8,2, This example indicates that it is

advantageous to use a single network of sufficient cmplexity to give
the necessary total phase shift,

In sstiing up the scmponents to form a delay circuit, it dis some=
timos helpiul to test isolated poriions of the complcte system, The
circuit giving four roots can be profitably broken down in this way,
If the tranemission path straight from the input terminal of the net-
work to one input terminal of the sumning amplifier is removed; the
transfer “unction of the remaining clements is

G = jl.mm/[(az e 50 =P . szm:] (25)

it is not difficult to show that its magnitude is |G|= 2 for the
driving frequency o® = (a® + b2), Similarly its magnitude is

l6}= 272 for the driving frequencies o = (322 + t7) & 2a(2a2 + BAYY2,

This portion of tne network can easily be checked to make sure that !Gl

has the proper value at the frequancies given,
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The magnitude of the transfer function for any of the cemplete

delay networks is, of course, unity at any driving rrequency, and this

fact should he checke

e o et e et i,

; V. Example of Application

A nonlinear differential~differencs eguation requiring a time
delay is

owen P o

di{t)/at = o X(t) - B X(t) x(t - <) (26)

where X 1is the dspondent variable, t 1is time, the independent

variable, A and B arc positive reel constants, and 4 1is o comr
stant time delay. This equation has been studied3 on an an

computer, using a step-by—-step process of camputaticn. For certain

values of product At, the solution for the equation is e periecdic

oscillation with a wavefcrm that is far from sinusoidale The period

of the oscillation is at lcast four, or more, times the delay time +.

Thus, a delay of samewhat less than 90 degrees is needed at the funda-

mental frequency. However, many harmonic ccumponents are present in

the nonsinuscidal oscillation. The phase shift for a harmonic with

l constant time delay is the product of the order of the harmeonice and

tha w

the phase shift of the fundamental,

s TR

Since it appears that harmonics of

at least uhe fifth ords b, & total phase shift of at

least 42 degrees is required, The use of an &-root delay circult is

2
'.l.
[t
4]
cr
13
£
.

4 convenient value for the time delay with the computer used herc

is T 2 seconds, Then, using the dasign equations of Table IV, the

{ necessary parameters are

- an e s em wn em wme m Em e e e e =

i 3. W, ¢ Cunaingbam, A Nonlincar Differential-Differcnce Equation of

e Growth, Contract Honr-433(00), Yale University, May 1954, Upper-

) case symbols are used in writing Ea. (24) to avoid confusion with
symuols used previonslys

1

e e e e . e &3 WHM’_‘*‘W“’“’” —_—
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M

5.28/1° = 2,6l sec *

3l x 2,64 = 0,895 scc

= Xa

= o
Vs

JT1 % 2,60 = 1,87 sec t

-«
.

-

1.5 x 1,87 = 2,81 soc

= ZC

+b° = 772 sec

2 -
+ d = 13k sag 2

The configuration of elements needed to synthesize the delay circuit

is shown in rig,

5. The complete setup of the computer for studying

Egq. {26) is shown in Fig, 5, and incorporates the delay cirauit of

3 o
A family of

The only initial

t = 0, where &8

—_—v - [RELIRE

cuirves obtained with this system is shown i Fig. 7.
condition for these curves is that X = g/1G .*

= A/B, These curves agree well with those ¢f Fige. 19

of footnote reference 3, These latter curves werc plotted with points

obtainoed from a step-by=step integraliume Thoe curves of Fig

plotted directly

T awre
o ¢ Al

and continuously by the computer, The minimum -value

of product At needed to give a periodic gclution is aporoximately

& =1 arc
AL T LeO)oe

is samcwhat larger than that estimated in the reference,

The solution just overshoots its final value, so oscillation begins,

if At = 0,48, which is close to the previous estimate,

In Fig, 8 is shown the solution for X(t) with Av = 1,8, and

also this same function as retarded by the dclay notwork, Except for

the initial transicnt, the delayed curve is quite accurately the original

curve, mersly shifted the preper amount on the time scale, If the

product At is much larger than about Av = 2; the oseillation

becomes cver more nonsinusoidal, The higiier harmonics then exceed

the maximm freaquency for the dslay network, and the delayed signal

begins to differ

ir. shapce from the signal with nc delay.
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The initial transient on the delsyed curve of Fig. £ ccmes about
because ao initial conditions were applied to the integrators of the
delay circuit, If enough information is known ahbout the solution of
the equation for the interval =t < t< O, presumably initial condi-
tions needed in the delay circuit cculd be predictcd and inserted in
such a way as to avoid tnis initial Lransient. In practice, hovever,
problems involving differential-~difference equations of this sort appear
to have the inharent difficulty of not furnishing sufficient infornm;
tion to start the solution properly. As has been observed previously,
this kind of equation is equivalent to a differential equation of
infinitc ordsr; so that an infinity of initial conditions are needed,
With a tinite delay network, cuch as those considered here, only a
finite number of conditions can be used, Evon this finite number »ill
not be known in the general problem,

The damping effeetive in the delay circuit is suificient so that
if there is a transient set up within it, decay is fairly ccmpiete
within the interval of one delay time, .

Initial conditions needed to eliminate the initial trar- . 3 in
the 2-root delay networxk can be found as fcllows, The network with
its four integrators is shown in Fig. 9. Initial conditions applied to
the integrators are ideatified as ICm; these are the negativeg of
the signals which must exist at the output terminals of the intesgrators
at zerc time. Constant multiplying factors for certain of the computing
amplifiers are identified as Nn’ Signals at various points in the
systems are called 5, = & (t).

Through a consideration of the transfer functions for the parts

of the netwerk, the fcllowing equutions can be written.
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o r (4/N,)ap ( N (27)
IC, = ~e, D) = e, (t)! “
3= "% ILpz S e e
. Nza_z(o) -(z‘Nz/Nl)a , ! \
LCZ B it e £2 5 5 > el\ t) (28,
8 p“ + 2ap + (a“ + b°) | [t=0

-el‘ S

Lp° + 200 + (c® + @)

\

LW
- ={ (W/v3)cp :i

-

N,e_{0) (4N, /N )e
i, = hia . : el -
P LT tzep+ (7 a7

" =

Fp2-°2ap+(a"+b2)§
2 , DD

| p© + 22p ¢ (=7 4+ %)

t
ot ] (30)
.

Enough infeim=ition ie knuvm about Ege {26} Lo deberrine thuse

S

initial conditicas, Near

vhere X =X at t =0, Tor the curves c¢f Fig, 8, 4 = (.9 aond

Xo a a/lo. Taus, for the setup of ¥igs., 5 and 6, and the cwvas

= 0, approximately X =X explAt),

fige 8, numerical data needed for Egs. (27-30) are as folliows:

a = 2.6k N1 =}

b = 0,895 N2 = 10

c = 1,87 N3 = iC
= 2,8 N, =

d 81 4 10

When these data are inserted into tiie equations

al(t) = {8/10)exp(0.9t}

and “he necessary

operations carried out, the initial conditions for the. integrators

ars found as

16, = 0,177 (p/10) IC,

IS, = -1.97 (g/10) J;C{.‘

= -0,0123 {§/10)
= 0,137 (p/2.0)

When these ceondivions are appiied, the delayed solubtion starts off

smoothly, withcut an initial transient such as that of Fig, 8.
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